PA30BAYA CTPYKTYPA MOIEJIA 'POCCA—HEBE C YYETOM
BIINAHNA TEMIIEPATYPBI 1 KOHEYHOI'O OB'BEMA
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AHHOTALUSI. B pabore npemmoxeHa perysspHas Hpouenypa (OCHOBAHHAsS HA MCIONb-
3oBaHuN n3eTa-GyHKIun Pumana—Omnmreiina) BeraucieHus >pOEeKTUBHOIO MOTEHINAIA
monenu ['pocca—HeBe Ha nByMepHON penieTke ¢ pa3iIndHbBIMU TUMIAMU I'PAHUYIHBIX YCJIIO-
BUI, MOOETUPYIOMIIMEI 3PHEKTH KOHEUYHOTO 0O0beMa u TeMnepaTypsl. s pa3HbIX TUIIOB
I'PAHNYHBIX YCIIOBAM HNOCTPOEHBI 3(pHEeKTUBHBIN NOTeHInaI U Ga3oBble CTPYKTYPLI MOOe-
nu. Ilokaszano, 4TO B mByMepuu (B OTIMYME OT TPEXMEPHOrO Ciiydas) ¢da3oBas KapTUHA
HE 3aBUCHUT OT KOHCTAHTHI CBSI3U.

1. BBEOIEHUE

N3yueHne HeJMHEMHBIX MOMENEN TEOPUU IOJIs, B YACTHOCTU O-MONEIN U €€ MOIV-
dpukanmit: C PN ~laonenmu, cymepcnmMMeTpUYHOR 0-MONENH W Ap., WMEeT Tom coboit
cepbesHble TpuarHBL 1 ucTopuio [1]. C OmHOI CTOPOHBI UCIOIBL30BAHIE MOZETIEN TaAKOro
poma (o-momens B 2 + 1-MEpPHOM IPOCTPAHCTBE-BDEMEHU) IPU OMNCAHUN IIAHADHOIO
aHTUGEepPPOMATHETU3MA Y BBICOKOTEMIIEPATYPHBIX CBEPXIIPOBOMAHUKOB B HECBEPXIIPOBO-
maweit dase [2]. IIpm sToM mccmenoBaHus pasiudHBIX aBTOPOB [1,3] ykasbiBaroT Ha
CBSI3b PE3YJILTATOB, MOJIyYaeMbIX B PEIIETOUHBIX MOIEIISX U UX IIPEIEIbHBIX HEIPEePbIB-
HBIX CIIy4YasX (IUIMHHOBOJIHOBBIN IIPENes). OTOT MPefesl MOXKHO IOCTABUTH B COOTBET-
CTBUE KOHTWHYAJILHO KBAHTOBOI MONENIM aHTU(GEPPOMATHATHOIO CIIMHOBOIO B3aMMO-
neticrBust. s O(3) o-momenu B pabore [4] B mBymMepun ycTaHABIMBAIACH CBSI3b C
HelTpoHHBIME dKcrepuMenTamu Ha LasCuQOy4. Kpome Toro, marpanxuan 3Toil MOIeH
C YYEeTOM CIIaraeMbIX, HapYIIAIOMIAX CHMMETPUIO, YCIEIIHO UCIOIb3YEeTCs IS OICa-
HIUsI OCHOBHOT'O COCTOSIHIISI HEEJIEBCKOTO aHTU(hEPPOMArHETHKA 1 BOSHUKAOIIINX HAJL HIIM
HI3KOSHEPIeTUIECKUX BO30YKIEHUIT — CIUHOBLIX BOJH [5].

C mpyroit CTOpPOHBI, IBYMepHasl 0-MOIENb HepeHopmupyema [6] u obiamaer psmom
CBOWCTB, NMEIOLIIX AHAJIOIY B KBAHTOBOI XPOMOIMHAMUKE (MHCTAHTOHBI, aCUMITOTH-
veckas cBOOONA, MUHAMUYECKUN MeXaHW3M HapyIleHus cumMerpuu u np.) [7]. Oror
ACIIEKT [AHHON MOJEJIN ONPEIEIIieT MHTePeC K Hell GU3NKOB, MHTEPECYIOLINXC S SIIEMEH-
TapHBIME JaCTULIAME U IpobieMaMul GU3UKY BBICOKUX SHEPIUil, B YACTHOCTH, MOMEIISIMIU
AIOPOHOB. 3aMeTnM, YTO OCHOBHOI AKIEHT B UCCJICNOBAHUN THUX MOIEJeN OBbLI CIeiaH
HA M3yYEHUN M3MEHEHUs CBOICTB CHCTEMBI DU U3MEHEHHUN PAa3MEPHOCTH, & TaKkKe pe-
[IeHUN TPOGIIEeMBI IEPEHOPMEUPYEMOCTH. TaxKe MPOBOAUINCH UCCIENOBAHUS 110 YUETy
KOHEYHOIl TEeMIIePATYPBl 1 HEKOTOPHIX TUIIOB BHEIINX MOl [8].

BmecTe ¢ Tem, CyliecTByeT ellie OAMH aCIeKT B M3YYEHUE MOMETIENl TAKOro poma —
HCCIIEOBAHNE BIIMSHESL ToOmojiornu (u 5ToT GaxT oTMmedascs eite B paborax [9,10]). B
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5THUX PaboTax YKa3bIBaJIOCh Ha poib Tonoioruu mis CPN ~l-moneneit B onucamun siBite-
uus cBepxnpoBonumocTu B CuO cmecsax. [Ipu sTom paccmoTpenme maxke MpOCTERIIErO
IIByMEPHOTO BapUAHTa TEOPUU C PA3IUUYHBIMUA TPAHUYHBIMU YCIOBUSIMHI OKA3bIBAETCS
BeCbMa MHTEPECHBIM C (U3UUIECKOW TOYKHU 3PEHUs, TaK KaK MBI IMEEM TOMOJIOTUIO TO-
pa, a pasIudHble TPAHUYHBIE YCIIOBUS JITUOO COOTBETCTBYIOT yUeTY KOHEUHOrO 0ObeMa
CHUCTEMBI, 00 TMO3BOJISIOT BBECTU TEMIIEPATYPY.

C yueToM CKa3aHHOTO, HAITIEHN 3am1adelt OymeT onucanume OOIIel MPOIEIyPbl, OCHOBAH-
HOI Ha BBIYUC/IEHUN m3eTa-QyHKImn PuMmana—OninTeirHa, KOTopas MO3BOJISET VUNTHI-
BATh PA3JIMYHBIE TOMOJIOTUN MPOCTOTO TUIA MPU BBIYUCICHUN TEPMOOMHAMUIIECKOTO U
5O PEKTUBHOTO MOTEHIINAJIOB, HEOOXOMMMBIX [IJIs OMUCAHUS IMMPOKOTO KJIacca CBOWCTB
n3ydeMbIx cucTeM. Halrm momxom CyIecTBEHHBIM 00Pa30M HUCIOIb3YeT TEOPEeTUKO-Uu-
CJIOBBIE CBOWMCTBa m3eTa-GyHKInu Prumana—OmireiiHa. OTO HAaeT BO3MOXHOCTBH TIO-
JIYIUTH PsIO TOYHBIX DYHKIIMOHATIBHAX COOTHOIIIEHWH, KOTOPBIE OXBATHLIBAIOT BCE TUIIHI
TPAHUYHBIX YCJIOBHUI. 3aMeTuM, YTO IOJIyUEeHHBbIe HAMWU COOTHOIIIEHWS TOKAa PacIIpo-
CTpaHEHbI Ha IBYMEPHYIO PEIIeTKy W HA0T OOOOIIEHUs TAKUX XOPOIIO M3BECTHBIX B
(du3MKe TBEpHOro Teja COOTHOIIEHMN Kak (opmyssl Manmemyura [11]. Bwmecre ¢ Tem
006/1aCTh BO3MOXKHOTO TIPUJIOKEHUS MOy YeHHBIX HAMEI PEe3y/ILTaTOB He OIPDAHIINBACTCS
PacCMOTPEHHBIM B paboTe IPUMEPOM.

Nmeercs pso momeseln Teopuu TOJIsl, KOTOPbIE TPUBOMSAT K 3a7ade O BBIUUCIICHUU
m3eTa-GyHKIUN omepaTopa ['embMrosnbiia Ha mpocTpancTBe Tuma 1" X R™. B mactos-
el paboTe MBI TakXKe MOCBATUM HEKOTOPOe BHUMAHUE pa3pabOTKe METOIOB BBLIUKCIIE-
HUs I3eTa-hyHKINN omepaTopa IeapMronbia Ha mpocTpascTse 12 x R 2 u npumeHnM
9T METONBI K mcciienoBanuio monenu I'pocca—Hese.

O6GBIYHO B TEOpWUM TOJISI UCIOIB3YETCS TOT WM WHOM BAPUAHT IETJIEBOTO PA3JI0-
xerus. IIpu sTom “omHomeTsieBo” WiEH MPENCTaBsIeT cOOO jorapudM peryispu3o-
BAHHOTO METEPMUHAHTA OIEepATOpa KBAAPATUIHON (GOPMBI “CBOOOOHOTO” JIarpaHKIaHA.
YacTo 5TOT omepaTop sBIsSEeTCs onepaTopoM ['elbMrosbiia, mosTOMY BCTAEeT 3alada O
BBIUKCIIEHUN JIorapudMa Peryaspu30BaHHOTO IeTepMUHAHTA omepaTopa ['erbMrosbIa.
Kax m3BecTHO, BEIUUCIEHIE U PETYIISIPU3AINIO YIOOHO ITPOU3BOOUTD, UCIOJIbL3YS A3eTa-
(DYHKIINIO COOTBETCTBYIOIIETO OITEPpATOPA.

[Tomumo yx)e ymomsiayTon Momenu ['pocca—HeBe, MOXHO TpUBeCTU OPYyTHUE TIPUMe-
PBI CHCTEM, KOTOpbIE MPHUBOMIT K 3aMade O BBIYUCICHUM O3eTa-PYyHKIIUU OIepaTopa
lNenemromnbiia. Cpenu HUX MOXKHO Ha3BaTh 3hdekT Kasmmupa mpum KOHEUHON TeMmire-
parype [12], Tomosoruueckoe HapyllIeHUE CUMMETPUU U TOIOJIOTUYECKYIO TEHEPAILIUIO
MAaCChl, TOIMOJIOTMYECKYI0 TeHepannio dieHa Yepua—CaillMOHCA B TPEXMEPHBIX KaJjIno-
POBOYHBIX TEOPUSIX, MOMNEIN KBAHTOBOW T'PDABUTAIINUA B IMPOCTPAHCTBAX C TOIMOJIOTHEH
TOpA.

2. OOOEKTUBHBINA IIOTEHIWAI U I3ETA-OYHKIUI

B sTom pasmene MbI u310KuM CBsI3b 3G(PEKTUBHOTO MOTEHIINAIIA ¢ A3eTa-(PyHKIIIEH.

I[Iycte A — omepaTop € HOJIOKUTEILHO ONPENeIeHHBIMI COOCTBEHHBIMU 3HAYUCHUSI-
MU, A\, — €ro CoOCTBEHHbIe 3HaUeHUsA. DPGEKTUBHBIM MOTEHIINAIOM OyIeM Ha3bIBaTh
BBIDaKEHUE

(1) Va=) In),



Koneuno, dacTo Takoe BbIpaXXeHUE PACXOOUTCs, IMOTOMY IOH 5(PGEKTUBHBIM IOTEH-
[IIAJIOM TIOHMMAETCSI HEKOTOpas ero peryisgpusainus. Ee ymoOHO NMpOM3BECTH, BBEMS
m3era-QyHKIUIO onepaTopa A

(2) Cals) =D A"

Ecnu A\, mocTtaTouHO OBICTPO CTPEMSTCS K OGECKOHEUYHOCTH € POCTOM 7 (HAmpumep,
ms omeparopa LembMronba \, ~ n?), To Ipu AOCTATOMHO GOMbIIOH s PAM CXOMUT-

cst. YunreBas dopmyiny (a”) = a”lna, GymeM NOHUMATH PACXOMSILEECS BBIPAKEHNE
st Va4 xak npenen npu s — 0 mpoussomuoit oT 4 (s):

/
(3) Va = —C4(0)

B xBaHTOBOI rpaBuTauu 3Ta GOPMYysIa CIYyXKUT OCHOBON METOHA PEryIsSpU3alluul IPU
momortn m3eta-Qyukimu. [lockonbky mpu s = 0 psan mias n3eTa-QyHKINT 3aBEIOMO
PacXomuTCsI, MBI CTAJIKWBAEMCs 3IeCh C IPUMEPOM TaK HA3LIBAEMOW aHAJIUTUIECKON
perynspusanuu. B ornwume oT perymspusanuu, ckaxkeM, [laymu-Bunmapca, xorma pe-
TYJISPU30BAHHOE BBIPa)XEHUE OIPENesIeHO MPU BCeX 3HAUEHUSIX perysiasTopa M, a mpum
M — o0 pacxomuTcs, TIPU HAIIEW perysaspu3aliuu n3eTa-QyHKIUs OlpeneieHa TOJIBKO
IJIS S C IOCTATOUYHO OOMBIIION BEIECTBEHHOU YaCTBhIO, TO €CTh HAUMHAET PACXOOUTHCS
3am05r0 10 s = (. IloaTOMY CyIlIeCTBEHHYIO POJIb UTPAET AHAIUTUUIECKOE ITPOIOJIKEHUE
n3eTa-pyHKIIAN.

Crenyer oTMETUTh OTJINUME HAIIETO MOOXOMOA OT IIOAXOIOB APYTUX aBTOPOB, B UACT-
HocTH, [13]. MBI ¢ camMoro Hauasa KOHIEHTPUPYEMCS Ha MPOCTEMIell n3eTa-QyHKIuH,

COOTBETCTBYIOIIEN omepaTopy Jlamraca Ha OByMEpHOM Tope — m3eTa-QyHKIUm OII-
IITEenHa
+o0
(4) Z(a,b;s) = Z (a*n? 4+ b*m?) ™5,
(m.n)#(0,0)

— BbIpaxkas yepe3 Hee 3hOEKTUBHBIN MOTEHINAN orepaTopa ['eTbMIosbiia ¢ TOMOITIBIO
MHTErPAIILHOTO MPeO06PA30BAHUS U YUNTHIBAsI PA3INUHbE ([IePHOANIECKUe 1 aHTUIEePH-
OIMYECKNEe) TPAHUYHBIE YCIOBUS KOMOMHUPOBAHUEM [3eTa-(DYHKIMI OT Pa3HBIX Hapa-
MeTpoB. ABTopbl pabor [13] ¢ camoro Hauasa pacCMATPUBAIOT OOLIUN CIIydaill omepa-
Topa ['enrbMrosbiia ¢ TPOU3BOILHBIMU TPAHUYHBIMU YCJIOBUSIMU, UTO MeTaeT (POpPMYJTbI
TPOMO3OKAMEI U TMPAKTUYIECKN HE TO3BOJISIET MPONBUHYTHCI B MX aHaimm3e. Ham yma-
JIOCh CYIIECTBEHHO MPONBUHYTHCS B BBIUMUCIEHUN YACTHBIX 3HAUEHWN O3eTa-(QyHKIIIN
Omnmrrerina. Haubosee m3BecTHBIM MOMOOHBIM PE3YILTATOM SIBIISIETCS MAOE/TyHTOBCKAsI
CyMMa Z:(m,n);aé(o,o)(mQ"‘TLQ)_S = 4((s)B(s), rne B(s) = 32,2 (=1)"(2n+1)7°. TosTo-
My 00JIacTh MPUMEHEHUs HaWIeHHBIX (POPMYJT /IS YaCTHBIX 3HAYEHWN N3eTa-(DyHKIIIN
Omirefina He OTPAHTYNBALTCS TEOPUE MO Ha TOPe, OHU MOTYT OKa3aThCs MOJIe3HBI-
MU B OPYTUX MOIEJSIX, B YACTHOCTH, B (U3UKE TBEPIOTO TeJIA.

HanpHeliee n3I0KeHne CTPOUTCS clenyommM obpazoM. B pa3nesne 3 monpo6HO BBI-
qncsercs 5GheKTUBHEIR ToTeHImal onepaTopa [enpMromnbia Ha mummaape St x RA L
PesynbpTaThl 5TOr0 BBIMUCIEHUS B HEKOTOPBIX CIIyYasX ObLIN paHee MOJIyYeHbl HEKOTO-
pbIMU aBTOpaMu UHbIME criocobamu. [ens pasmena 3 — Ha mMpocTOM MpUMepe U3JI0XKUTH
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IpUeMbl, KOTOpbIe€ HEIIOCPEICTBEHHO IIEPEHOCATCS Ha 0oJiee CIOXKHBIN CIydall B pa3sme-
7e 4. Tam MBI paccmaTpuBaeM omepaTop Lenbmrosbna Ha Tope 12 x R 2 u nokasbiBa-
eM, 9TO BbIUncieHrne 3)GeKTUBHOTO MOTEHINAA B CIIyYasX NEPUOONIECKUX U aHTUIIe-
PUONWYECKNX TPAHUIHBIX YCIOBUU CBOMNUTCS K M3YUEHUIO m3eTa-PyHKIUU OIIITERHA.
B paszmene 5 mpom3BomuTCsl aHATIUTUYIECKOE MPOMOJIKEHUE M3eTa-QYHKINKM OMIIITENHA
cIIocO60M, AHAJIOTUYIHBIM MIPONOJIKEHU0 n3eTa-GyHkiun Pumana. ODTo mpuBomuT HAC
K (QYHKINOHAJIBHOMY YPaBHEHUIO U IIO3BOJISIET CPa3y BBIUUCIUTEL PsI JACTHBIX 3HAUeE-
Huit m3eta-pysknnn. ODHAKO y TOIYyYEeHHON B pasmere 5 GOPMYIIbl aHATUTHIECKOTO
MIPOMOJIKEHUsSI €CTh HENOCTATOK — OHA SIBHO CUMMETPHUYHA 10 @ U b, ITO 3aTPYIHSIET
noctpoenne acuMnToTuku a K b. IlosTomy B pasmerme 6 MbI cTpouM Opyroe aHAIIN-
TUYIECKOE TPOHOJDKEeHIe m3eTa-PyHKIUM ONIITeHa, KOTOpOoe HaeT YIOOHYI0 aCHMIITO-
Tuueckyio dopmyiny npu a <K b. B pasmene 7 mbl mpuBomuM (HOPMYIIBI OIS YaCTHBIX
3HaYeHMT m3eTa-GyHKINN ONIITENHA MPU HEKOTOPBIX COOTHOIICHWSIX MEXIy a u b.
OcHoBHOI umeeit siBisieTcss GaKTOPU3ANNUS IBYKPATHOTO Psifia, BXOISIIIETO B OIMpenesie-
HUe n3eTa-QyHKIN OMIITENHA, TAK YTO OHA B CYIIIECTBEHHOM IPENCTABIISIETCS B BUIE
Ipom3BeneHnsl OOBIYHON m3eTa-pyHKIN PuMana Ha Tak HasbpiBaeMmble L-pyakmmm u-
puxite. Popmyel TOIOOGHOTO pona BeChbMa CIIENU(PUIHBI, 1 BO3MOXKHOCTH (DAKTOPU3AIIIT
NBYKPATHOTO DPsOa CBsSI3aHA C TOHKUMU apu(PMeTHYECKUMU CBONCTBAMU KOHKDPETHBIX
qucesl. BrosmHe BeposATHO, UTO Umciio Takmx (HopMysl BooOIllle KOHEeUYHO. B paszmerne 8
pUBENEeHB! DYHKIMOHAIBHBIE ypaBHeHUs s L-pyskuuit Hupuxme. OHE m03BOISIOT
BBINOJIHATL HEOOXOMUMOe AaHAJIIMTHYIECKOe INponosikeHue s>Tux ¢yHknwmit. Hakorern, B
pasmesie 9 MBI IpUMeHsIEM DPa3BUThIE METONBI K mccienoBaHmio Momenu ['pocca—Hese
Ha Tope. llpmMeHeHHBIE HAMU METONBI MO3BOJIMIN IIPOBECTU MOJIHBIA AHAJIN3 YpPaBHE-
HISI CTAIMOHAPHOCTU U TMOCTPOUTH (PAa30BBIA MOPTPET CUCTEMBI IIPU PA3IUIHBIX THUIAX
TPAHUYIHBIX yCIIOBUU.

3. ONEPATOP P'EIbMIONBIA —A + m?2 HA NMWJIMHOPE Stx RA 1
Paccvorpum “sddexTurHbIN oTeHnnal” omneparopa ['erbMronbiia Ha UIUHIDE:

APk o X 2., 2 2 2

(Cnyuait « = 0 COOTBETCTBYET MEPUOAUIECKUM, a & = 1/2 — aHTUNEPUOAMIECKIM I'Da-
HUYHBIM yciioBusM.) IlepBbIM mesiom o6e3pasMepuM U Peryisipu3yeM 5TO BBIDAXKEHUE.
PaccmorpuMm

Ak o X /21 a?nta)Ztm?\°
©) 0 = [ ey 2 (TR

[Ipu Rs > A/2 unrerpan u psin cxomstesa. YuutbiBasg dopmyay (a”) = a” Ina, Gynem
HOHUMATh pacxomsiiieecs Bbipaxkenue (1) kax npenen mpu s — 0 mpousBomHoit oT (2):

(7> Q= _Q/(s)|s:O-

st Borauciienus §(s) mpexme Bcero ucnonb3yem npencrasienue [[Isunrepa:

(8) a_sF(s):/ ts~ et e,
0



Torma (2) mpumer Buz:

9) Qs) = & / s io / 3= Lem (Wt nta) hm gy
I'(s) om) 1 27

n=—oo

Teneps MeHsieM MeCTaMU WHTETPUPOBAHUE IO k U CYyMMUPOBAHUE TIO 7, C MHTErPUPOBa-
HIEM TI0 t, TOCJIe Yero MHTEerpaJsl Mo UMITYIbCAM BBIUUCTISIETCS, PO XKe IepecyMMUPYeM
o Ilyaccony:

m) 2s (s — A/2
(10) 0(s) = (4m )2 (%) ( I‘(s)/ L+
[ e mt) N2 3 e~ 1 cos(2mna) | e
oy, e (; 2 )> "

IambHERIIero mpoaBMKEHNST TOCTUTHEM, TIPEICTABIIIS CYMMY B BAOE OOPATHOTO MEJIJIN-
HOBCKOT'O 00pa3a;:

22 1 cos(2mna) \ [\ 2
w2n? /ta® — _
(11) ng_l e cos(2mna) i /C ['(v) (ng_l ey ) (a) dv,

rae kouTyp C' — mpsiMasi, mapaJjyielbHas MEIMON OCK U JIeXKAaIllash CIIpaBa OT OCOOEHHO-
CTel MOOBIHTETr PAJILHOTO BhIpaxkeHus. [locse momeTaHOBKY MHTErpasl IO ¢ BBIYUCIISIETCS,
1 MBI HAXOIINIM:

02) 00 = i (£) 7 e
m* 2 . cos(2mna Tm\ —2v
+ 2oz () %%/Cm)mﬂ-m) (Zl %) (Z2) ™ .

[Tponssonuast €2 (s) or mepsBoro cimaraeMoro B (8) BBIUHCISETCS [O-PA3HOMY B 3aBUCH-
MOCTHI OT TOTO, SIBIISIETCS A UETHBIM WJIN HEUETHBIM:
—1)" m2n /~L2
—( ) Y(n+1)+y+In— |, mpm\=2n,
n!  (4m)" m
2n—+1

(13) O = .

 (4m)nt1/2
IIpomsBomHas OT BTOPOTO CIAraeMOrO PaBHA!

m* 2 . cos(2mna T™m\ —2v
(14 =—onis /C T (v — \/2) (Z %) (7) dv.

n=1

I'(—n—1/2), opu A = 2n + 1.

HanbHelee BeranciaeHne 3¢(MEeKTUBHOTO MOTEHIINAIA TPOU3BOIUTCS IIPU ITOMOIIN TEO-
pPeMBI O BelUueTaX. Pe3yibTar uMeeT XapakTep Pas3jiokKeHUsl [0 CTEIeHsIM 1M/ a.
Crostuit 30eck psan B caydasax « =0 o =1 / 2 COOTBETCTBEHHO PaBEH

(15) Z n~% = ((2v),
n=1

B obiiem ciyuae

g Y 4F(S)(3(7)TS)(;S/2) (msardizsiza)

= (2172 — 1)¢(2v).

n=1
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4. OnNEPATOP EABMIOJBIA —A + m2 HA TOPE T2x RM 2

AnasornasbIM 06pa30M MOXKET OBITH MOJIYUEHO CJIEIyIoee BeIpakeHnne s “addek-
TUBHOTO MOTeHIasa” omeparopa l'elbMroabiia Ha Tope:

A—2 a +oo 2 a2n (1/2 9 9 m2 s
(17) Q(S)Z/(gﬂ)%# (k+ (nto) +5 (A + ) -

n,l=—o0 K
m> 2s (s — m> %
= Un) e (%) = F(S))\/2) (4m) 2 (%) ﬁ% 8

+oo
cos(2mna) cos(27l3) oy
X /CI‘(V)I‘(V +s—A/2) Z (W2 1 207y (mm) "2 dy,

l,n=—o0

(1,n)#(0,0)

[IpousBomuast 0T mepBoro ciaraeMoro B (13) yxke o6CyKaanack, a IPOM3BOMHAS OT BTO-
poro paBHa:

(18)
m* 1 X cos(2mna) cos(2rlB)
= — | T()T(v — ~2v g,
i (4m)A2 2mi /C (WP = A/2) ln;m (n2/a? + 12/b2)¥ (mm) =" dv
(Ln)#(0,0)

B ciyuae o = 0, 8 = 0 crosunas B opMmyne cyMMa HasblBaeTCs n3eTa-GyHKIIe:
Ommreitna (1). B coyuasx o =1/2, f=0u o =1/2, f = 1/2 cymma Takxke CBOOUTCSE
K Z-QyHKIINN:

(19)
+oo (_1>n
Z (a2n? + b2I2)¥ =27(2a,b;v) — Z(a, b;v),
l,n=—o0
(L,n)#(0,0)
(20)
+oo (_1)l+n
Z (aZn? + b2[2)¥ = Z(a,b;v) — 2[Z(2a,b;v)+
l,n=—o00
(1,n)#(0,0)

+ Z(a,2b;v)] +4Z(2a,2b;v) =

= (1+2*2)Z(a,b;v) — 2[Z(2a, b; V) + Z(a, 2b; V)]
Tenepsb MBI CKOHIIEHTPUPYEMCsI Ha TPEX YACTHBIX CILyUasX: MOIHOCTHIO TIEPUOMMIECKIX
IPAHWYHBIX yCJIOBUN, OJHOCTHIO AHTUIEPUONUIECKIX U CMEIIAHHBIX. Kak BUIHO, miist

NabHeNIINX BhrYnucseHuit B opmyiie (4) HeOOXOMUMO 3HATH AHATUTUYIECKUE CBOMCTBA
7 YaCTHBbIE 3HAUEHUs O3eTa-QyHKIUu ONIITeHHA.

5. AHAJIIMTUYECKOE NPONOJI2KEHUE Z(a, b; s)

OcHOBHOI HAIIEH 1IEJIBI0 B 9TOM pasfesie OyIeT aHAJTUTUIECKOEe MPONOIKEHIE 3eTa-
dyukuun Oumrrensa Z(a, by s). Mbl BOCIONB3yeMCs IPUEMOM, aHAJOTUIHBIM TOMY, KO-
TOPBII UCIIOIB30BaIT PuMan mitst cBoeil m3eTa-QyHKIUU. DTO MPUBENET HAC, BO-TIEPBBIX,
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K (DyHKINOHAIBLHOMY ypaBHEHUIO i Z(a,b; ), aHAJIOTUYHOMY PUMAHOBCKOMY, & BO-
BTODBIX, K (hopMyste s Beraucierus Z (a, b; s) npu mobbix s # 1.
BrimosmHuM cHaYasla HEKOTOPBIE IPUTOTOBIeHNT. BBeneMm ¢yHKIIIIO

+oo
(21) w(x) = Z e~ w(l/z) = 2" %w(x).
Ham nomanoburest Takxke dysknus 0(z) = Y o, e~ Quesnnro, uto 20(z) + 1 =

w(x).
Bynewm Beraucisars (ab/m)°I'(s)Z(a, b; s).

(22) (%)Sr(s) (a,b;s) = <“b)/ +Zoo e m(@n b5 m®) ps =1 g

m,n=—o0

(m.n)#(0,0)

Cosepuinm maciTabHoe peobpasosanue x = 7t /ab. Torna

(23) (%b) I(s)Z(a, b; 5) / Z et (G2 rgm?) ps-1gy

m,n=—oo

(m.n)#(0,0)

Ecnu teneps B cymmy (5) mobasutsb uiien n = 0,m = 0, To OHa pacmameTcs Ha IIPOU3-
BerleHne w-PyHKITIN

(24) (“?b) T(s)Z(a, b; 5) = /Ooo (w (%) w <%> - 1) 1.

Benomunas w-GyHKIMM, HaigeM clieyollee cooTHomenune mis dyukuun f(a,b;t) =

w(ta/b)w(th/a) — 1
(25) Flabit) = % {f (a,b; %) + 1} Y

Pas6uBaem teneps muTerpasn no uatepsaiy [0,00) Ha mHTerpassl o orpesky [0, 1] u
uHTEpBaILy [1, 00) U meaeM B mepBoM u3 HuX 3ameny f(a, b;t) mo npusemeHHON GopMmyIe.
[Tomywaem

(26) <a—b>5F(s)Z(a,b;s):S———+/ fla,b;1/t)t5 2dt+/ f(a,b;t)t5"dt.

Tenepb B epBOM HHTErpajie MeHseM IIePEeMEHHYI0 MHTerpupoBanus t — 1/t u o6benu-
Hsis 00a MHTerpasia U BbIpaXasl Pe3ybTaT depe3 O-byHKInM, OKOHIATEIbHO HalmeM

(27) (%b)sr(s)Z(a, b s) = ﬁ N

+ /100 (29 (%’) +26 (tb) 446 (%“) o (%)) (& +t1_s)%
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WNuTerpanabl B mpaBoOil 4acTU CXOOATCS MPU JIIOOOM S, TaKuM OOpa3oM MbI HOJTY UUJIH
AHAJIMTUIECKOe Tponoinkenue GyHkuun Z(a,b;s). Bumao, uTo enmHCTBEHHON 0COGOI
Toukoit Z(a,b;s) saBusercsa s = 1, B KOTOPOil OHA UMEET IOJIIOC MEPBOrO MOPSIIKA. 3a-
MEeTUM, UTO MPaBas JacTh CUMMETPUYHA OTHOCUTEIBLHO 3aMEHBI § — 1 — S, MOYTOMY
nMeeT MeCTO (QYHKIIMOHAJILHOE YPABHEHUE

(28) (a—b> (s)Z(a,b; s) = (a—b) - I(1—s)Z(a,b;1— s).

s s

HpI/IBGIIeM B 3aKJ/IIOYEHNE HECKOJIBKO CPpa3y O4YE€BUOHBLIX YaCTHBLIX 3HAYEHUN

(29)  Z(a,b;0) = —1, ?ﬁ_elsZ(a,b;s):%, Z(a,b;—k) =0, k=1,2...

6. POPMYJIIA AHAJIUTUYECKOTO NPONOJIXKEHUA [JISI ACUMIOTOTUKHA a <K b

B npenbimyiiiem myHKTE MBI IOy YUIn (OPMYILY aHAJTUTUIECKOTO MPOMNOIKEHUS [JIs
Z-¢yukiuu. s BBIUMCIEHUs] YaCcTHBIX 3HAYEHN OHA He OYeHb yHOOHA, TaK Kak, BO-
MMEPBLIX, COMEPKUT MHTETPAJILI ¢ O-QYHKIIUIMUI, &, BO-BTOPBIX, IBHO CUMMETPUUHA, 110 @
u b. He magesch moyuuTh TOYHOE aHAJIUTUUIECKOE BBIPAXKEHWE IO @ U b, MBI IOIKHBI
CTPEMUTHCS HAWUTHU XOTs Obl pasioxkenue npu a < b. [losTomy MBI BepHeMcst Ha3am u
MTOJTyYUM €Ille OIHO AHAJIUTUIECKOE MPOMOJIKeHue I Z-(QYHKIINN, KOTOPOE OKAXKEeTCS
HECUMMETPUYHBIM 110 ¢ 1 b 1 6ymeT maBaTh OBICTPO CXOMSIIUNCS P O 4 npu a <K b.

Mer maunem ¢ popmyisl (5) mpembimyiero myHkTa. CyMMy [0 m pa3meiuM Ha B
vacTu: wiedn ¢ m = 0 u ocTaToK:

ab\’ o > a2
300 (£) r(s)Z(ab; :/ 2T
( ) <7T) (S) (a S) 0 n:1e
[e’e) —+o0 a 2 b o
123 % emGeean) Joigy

m=1n=—oco

WNuTerpans oT mepBoOil CyMMBI Cpa3y BBIUUCISETCS, PO IO N mepecyMmupyem o [lyac-
COHY

(31) (a—b) T(s)Z(a,b; s) = 2 (%)_ [r=50(s)¢(25)] +

T
/ Z ﬂb 7'rt m ts_ldt

m=1n=—oo

Tenepns yxe B cymme 1o n BbIIeNIsieM ciaaraeMoe ¢ n = (), ocTaBIIAICS WHTETrPajl CBO-
nutcs K Gyskuu MaknoHambnoa

(32) (a—b) T(s)Z(a,b;s) = 2 (%)_ [T (s)¢(25)] +

2 ()7 (s - 1202 - 1)) +

s 1/2 b
+8\/7 Z K5—1/2 (27Tmna>

SRS



Psn cxonurest (1 mocTaTodHO GHICTPO) IPH JIIOOBIX S, TAK ITO MBI IMEEM aHAIUTUYECKOE
nponomkenne Z-gyukiuu. Wcmons3ys dyHKImOHAIbHOE ypaBHeHHME Ot (-DyHKITIN,
MOXKHO IIepenucaTh 3Ty (GOpMyJly B BUIe

(33) (%b) (s)Z(a,b; s) = 2 (%)_ [T (5)C(25)] +
+2 (%)5_1 (571 (1 — 8)C(2 — 28)] +

5 1/2 b
+8f Z K,_ 1/2 <27rmna>

Teneps 04eBUOHO, YTO IpaBas 9aCTh CUMMETPUYHA OTHOCHTEIBLHO 3aMEHBI S — 1 — s,
MO5TOMY MBI OIIATH MOJIy4YaeM (yHKIUOHAIbHOE ypaBHeHue (7).

OueBumHo, 9TO B Ciaydae a < b mepBble OBa YieHA CIpaBa HAOT CTENEHHYIO U
(BO3MOXKHO) JIOrapu@MUUECKyI0 aCUMIOTOTUKY 1O a/b, CyMMa e MaeT BKJIA, IIPOIOp-
[UOHAIBHEIN exp(—27b/a).

715 menmbIx § cyMMa MOXKeT OBITH CBeIeHa K OmHOKpaTHou. Hampumep

2
(34) Z'(a,b;0) = g—b-i-ln 4@2 I(b/a),

rae [ MoxeT OBITH 3amucaH B OIBYyX dopmax

1 1
o § —2mnr\ __ §

Hpyroit BApraHT OMHOKPATHON CYMMBI ITOJIyIaeTCsI, €C/IN MIPEeICTaBUTL CyMMY (GyHKIIIIT
Maxkmoransna B Bume

5 1/2 b
(36) \[ Z Ky 1/ (27rmna) =

o b - —s+1/2 b 2s—1
_8\/;;l K5_1/2 271'15 Zd

dll

(CumBoi d|l o3HAUaeT, 9TO CyMMUPOBAHUE BEHETCS MO AeUTessIM uucia ). BayTpen-
HsIsI CyMMa KOHEYHA U IJIs1 HeOOIbIINX | BEIUUACIISETCS BPYUHYIO, HAIIPUMED

4
(37) I(x) =4 (6_2” + ge—‘m + 56—6” +.. )

3amMeTuM ele, 9TO, MOCKOIBKY m3eTa-GyHKIWS OMIITEeRHA CHUMMETPUYHA 1O a U b,
dysxus [ (x) Takxke obiiamaeT HEKOTOPBIM CBONCTBOM CUMMETPUN:
us

(38) Ia) = o= - ? +2Inz +1(1/x)
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7. YACTHBIE 3HAUEHUS N3ETA-OYHKIUUN OIIITENHA

W3 maTerpaspHOTO nipencrasiieHus 01 3¢ deK TUBHOrO oTeHInaa oneparopa [enbm-
ronbia Ha Tope 12 x R*™? ciemyeT, WTO MBI IOMKHBEI M3YUNTh AHAJINTHYECKHE I
TEOPETUKO-UYUCIIOBBIE CBOUCTBA CIIEMYIOIeN (PyHKIINN:

+oo
(39) Z(a,b; u,v;8) = Z (a®*n? + b?m?) ™% cos(2mpun) cos(2mvm),

m,n=—o0

(m,n)#(0,0)

gepe3 KOTOPYIO BhIpaxKaeTcs 3hdeKTUBHLIN moTeHma (co caexkTpom Buna: k2 +(a?(n+
@) + b%(m + v)?). Bamernm, wro cayuam p =0, v = 1/2; p=1/2, v = 0; p = 1/2,
v =1/2 MOryT GBITH CBEIEHBI K U3YUEHUIO cilydaeB (1 = v = () ¢ ©3MeHeHIneM MacIuTaba
BesruunH a u b. C y4eTOM CKa3aHHOTO MBI UCCJIEIyeM CBONCTBA QYHKINU BUOA

+oo
(40) Z(a,b;s) = Z(a,b;0,0;s) = Z (a®n? + b*m?)~*

m,n=—o0

(m,n)#(0,0)

Benuuuubr @ 1 b MOXHO CBs3aTh C MEPUOMAME OBYMEPHON PEIeTKH, Ha KOTOPOW OIIpe-
nernena dyukuus Z(a,b; s). B Teopun n3BecTHBI HEKOTOPbIE YACTHBIE COOTHOLIEHUS IITIS
dyukuun Z(a,b; s), Hanpumep, npu a = b 9TO Tak Ha3bIBaeMble MAIEIYHIOBCKIE CYM-
MbI. B HacTos1IIeM pasnene Mbl TIOCTABAM 3a0aTy O BO3MOXKHOM ITEPEUNCTIEHNN TePUOIOB
a 1 b, IpU KOTOPBIX CYIIECTBYIOT COOTHOIIEHUS AHAJTUTUIECKOTO Tumla. HaxoxmeHue
COOTHOIIIEHNI TAKOTO POHa MOYXKET OKa3aThCS IOJe3HBIM I (GU3UKU KPUCTAJIIOB, a
Takke BO3MOXKHO IO3BOJIUT IMOJYYUTH PSI MPOCTBIX PEe3yIbTATOB Iyt 3HPeKTUBHO-
ro TOTEHINAaa B HEKOTOPBHIX PEMEPHBIX TOUYKaX, ¢ KOTOPHIMU BO3MOXKHO CPABHUBATH
acUMIITOTHYeCKre pe3yabTaTel. CrenyeT yKasaTh, YTO YIPOIIEHNEe [OjIsI IPeICTaBIeHIs
dyuxum Z(a,b; $) MOXKHO 0XUIATH B TOM CJIydae, KOTOa ee MPEeICTABIICHIE B BIIE

+oo
(41) Z(a,bis)= Y. (@™ +0"m?) = > rp(m)ni”,
(m,m) #(0,0) el

roe 7f(n1) = r(ny,a,b), B cuny dakTopusanuu 7f(n1) MO3BOJISIET IPOBECTH ONHO U3
CYMMUPOBaHUil (IO 7 WK O M), IPUBOMASIIEE K MPOM3BEICHNIO U3BECTHBIX TEOPETUKO-
YNCIOBLIX (DyHKIMI: m3era-pyukuun, L-¢pyukmuit Jupuxie u smemenTapubix. Takum
obpazoMm, 3amada, K KOTOPOA MBI IPUIILIA — WCCIIENOBaHME OWMHAPHON OUATOHAJILHON
kBanpaTuasoit dopmbr [14] Buma f(n,m) = a?n? + b?>m?2. Ilockonbky B JmTepaTy-
p€é OTCYTCTBYIOT COOTBETCTBYIOIINE YTBEPKIEHNS OTHOCUTEILHO CBONCTB KOHKPETHBIX
(hOpM, MBI MIPUBEIEM COOTBETCTBYIOIINE YTBEPKIECHUS U PACCMOTPUM CEPUIO KOHKPET-
HBIX TIPUMEPOB, TOJIE3HBIX IJIs IPUJIOKEHMUI.

Pertenne 3amaun MOXHO ¢hHOPMYIUPOBATD CIIEMYIOIINM OOPA3OM.

Teopema. IlycTs 3amana dopma f(n, m) = an?+bm?, roe a u b — B3amMHOIPOCTHIE
HaTypaJlbHbIEe 4ucia, b medetno, d = —4ab — muckpuMuHaHT GopMbl, A = ab — ee
crynenb. [Ipenmosnoxum, 9To A TPUHIMAET OIHO U3 IIECTUOECITHI AT YIOOHBIX TICET
Oinepa, To ects {A =1, 2,3, 4,5,6,7,8, 9,10, 12, 13, 15, 16, 18, 21, 22, 24, 25, 28,
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30, 33, 37, 40, 42, 45, 48, 57, 58, 60, 70, 72, 78, 85, 93, 102, 105, 112, 120, 133, 165,
168, 177, 190, 210, 232, 240, 253, 273, 280, 312, 330, 345, 357, 385, 408, 462, 520, 760,
840, 1320, 1365, 1848}.

Torma mpu A # 1 aucno r¢(ny) = r(ny, a, b) BEIMUCIIETCS IO CIeLyOLIel hopMyIe:

(42) rin,a,0)=2""x | [ x| [ D (%)

plA dlu
3nechb
(43) t, ecmt A =1 (mod 4) wmm A =0 (mod 8)
t —1, B OPOTUBHOM CiIydYae,
¢ — WMCII0 MPOCTHIX HeuTeneil A, p — HEYeTHOEe MPOCTOe UUCIO, U = || ,n, PP, THe
p2A
p? || n1, To ecth p? — wHambomnbIIas cTemeHL p, ABIAIOMIASCA NETUTENEM 1, & U —

JacThb YnCIa N, B3auMuonpoctas ¢ 2A. Ilycts ny = 2¢ (Hp\AZﬁ) k, A =27 <Hp pl).

CumBoit ( %), rae d — HEeYeTHOEe YUCIIO, 03HAUaeT 0GOOIIEeHHBIN cuMBOsI ko6 [15].

Urak, B dopmyne (42) ompemerneHbl BCe BEIUYUHBI, KPOME Xp U X2, BBIUUCIICHUE
KOTOPBIX MBI JAIUM HILKE.

Boruncnienne y, = x,(n1,a,b), roe p|A, To ects [ >0 u p' || A.

Iycts p' || a*, (as,p) = 1, To ecTh umcna a, m p — B3amMHO TpocThie [15], roe a*,
a, — HaIJIeXKaIras IMepecTaHOBKa Juces a, b.

I. Paccmorpum cayuain 3 < [. Torma

—
1) 8 — [erHoe, TO X = <1 4+ (W>) P2,
p

2) B — meuetHoe, X, = 0.
II. 8 > 1. Torma
1) p — ugerHoe, | — HeweTHOE

T —ptAN 17 —ptAN\] B -1 /
Xp__1_< p )5_{1+[1+< p )} 2 }pm

2) § — meverHoe, | — YeTHOE

I —pPAN\ 17 —ptA —1+1
w= - (70 e (50)] e
L D j D 2

3) | — meueTHOE

i — Bg+1  _ .
P ZA) P (H‘ﬂ)nla ]p(l_l)/2

p p

Xp = 1+(

Boruucienne xo = x2(n1,a,b).
[Tockombky b — HeweTHOe, TO a = 27¢, Tme ¢ — nHedyeTHo m v > 0, ny = 2%mM, m —
HeueTHO 1 ¢ > 0.
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I. v — geTHOE, O — UWeTHOeE.
1)a>~y
1.1) ecmm ¢ = b (mod 4), To B 5TOM Citydae

Xo = |1+ (—1)m56] 27/2
1.2) ecmu ¢ = —b (mod 4), To B 5TOM Cityuae

121 opu a =7, x2 = 27/2
1.2.2 mpm o > 7y

X2 = [2 — (—1)#] /e 4 [1 + (—1)%"} (v —~ —2)27/271

Q) a=v—2

I
1
—_
+
—~
|
—_
~—
3
N
o
—_
[\)
Q
~
[\S]

X2

Ja<ly—4
3.1 m=b (mod 8), B 5TOM cityuae

Yo = 204/24—2

3.2m # b (mod 8), B 5ToM cityuae x2 = 0.
II. v — uwetHOE, O — HEUEeTHOE.
l.0<a<~y—1,x2=0

2. a > v+ 1, Torma

2.1 eciu ¢ = —b (mod 4), To

X2 = [1 + (—1)05_”%} 27/
2.2 ecu ¢ = b (mod 4), To
xe = [14+ ()T | (a—y -2/
III. v — meueTHOE, * — UETHOE.

lL.opua>~vy-—-1
1.1 ecmr m = b (mod 4), To

1.2 ecmu m = —b (mod 4), To
X2 = [1 + (_1)%+%} 277
2. a<vy—-3

2.1 ecmr m = b (mod 8), To yo = 20/%+2
2.2 ecmu m # b (mod 8), To x2 =0
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IV. v — meueTHOE, O — HeUeTHOE.
l.ecrm v < v — 2, 10 X2 =0

2. ecnmu v > 7y, TOTIa MMeEEM

2.1 m=c (mod4), xo = [1 + (—1)mzfc] 277

2.2 m = —c (mod 4), Yo = [1 + (—1)%+%] 277t
DopMyIUPOBKA TEOPEMBI 3aBEPIIIEHA U MBI IPUCTYIAEM K PACCMOTPEHUIO IPUMEPOB.

Onuako mpexne 3ameruM, uto npu A = 1 (cayuair Skobu) dopmyny mas r(nq,a,b)
HEOOXOOMMO yMHOXUTE Ha, 2.

Z(1,1;8) = 4C(s)L(s, x—4);  Z(1,2;8) = 2((s)L(s, x_4)(1 — 275 +217%)

Z(1,V/3;5) = 2C(s)L(s, x—3) (1 + 2 72%),  Z(1,v/2;s) = 2((s)L(s, x_s)
(44)

Z(1,VT;5) = 2¢(s)L(s, x—7)(1 — 275 + 21729

Z(1,V5;5) = ((s)L(s, X—20) + L(s, x—a) L (s, X5)

8. AHAJIUTUYECKOE MMPONOXKEHUE L-dYHKIUN TUPUXIIE

Kak yxke roBopwiock, mis BurumcseHus 3PGEKTUBHOTO MOTEHIMAIa HYXKHO 3HATH
AHAJIITUYECKUE CBOWCTBA M3eTa-PyHKIUU DIIITelHa, B YaCTHOCTHU, BAXKHYIO POJIb WI-
paeT ee aHAJMTUYECKOE MPONOIKEHWNE. B IPEembIIyleM pasmene Mbl MOIYYUI Pl
(hOpMyJI, KOTOPBIE CBOMAT BBIUUCIICHUE N3eTa-(QyHKIMA K BLIYUCIeHNIO L-bynkmit Jlu-
puxse [14]. B stom pasmerne Mbr mpuBonuMm (6e3 HOKa3aTenbCTBa) (GYyHKIMOHAIBLHBIE
ypaBHenus s L-dyuxuuit [upuxie, KOTOpbIE TIO3BOJISIOT OCYIIECTBIISATH aHATUTHAYE-
CKO€ TIPOMOJIKEHNE dTUX (PyHKIINI.

B cuny cpoitcts xapaktepos Iupuxie x2(—1) = x(1) = 1. Xapaxtep upuxie
HA3LIBAETCS YeTHBIM (HeueTHBIM), eciau Y (—1) = 1 (yx(—1) = —1). Xapaxrep x(n) Ha-
3BIBAETCS MIPUMUTHUBHBIM XapakTepoMm (mod ¢), eciu ¢ — HauMeHBIIN nepuorn Gy HK-
mun x(n). Beipaxenne

(45) T(x) = ) x(m)e*™/e

m=1

Ha3bIBaeTCs cymMmon ['aycca.
[IycTsb x(n) — YeTHBI IPUMUTUBHBIA XapakTep, X(n) — KOMIIJIEKCHO COMPSIKEHHBII
xapakTep. Torma

1—s

1/2
(46) vr—“—swq“—s”%( )L(l—s,x>:q—w—s/zqsﬂr(s/m(s,x)

7(x)

,HJ'IS[ HEYETHOI'O XapaKTepa PaBCHCTBO BBITJIAOUT IIO-OPYTOMY:

(47)

(9_ _ 2—s iq1/2 _ s+1
(2-5)/2,,(2—5)/21 I(l—s )= 9 —+)/2 s+0/2p (ST 1
T q < 5 ) (1-s5,%) 00" q 5 (s5,X)

Kax BumHO, mi1s BEIIIECTBEHHBIX XapPaKTEPOB MPUBEIEHHBIE COOTHOIICHUS NeNCTBUTE b
HO MaloT (QyHKIUOHAJBHBIE ypaBHeHus mist L-pyakuuit Hupuxiae. OxasbiBaeTcs, 9TO
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BEIIECTBEHHbBIE IIPDUMUTUBHBIC XapaKTE€Pbl MO2KHO OTOXICCTBUTL C CUMBOJIaMM KpOHe—

Kepa (%), raoe d ecTh HMPOU3BEIEeHNEe B3aMMHOIPOCTBIX MHOXHTeaern Buma —4, 8, —8,

(=1)?=D/2p (rme p > 2), mpIdYeM HONOKUTETLHEIM d COOTBETCTBYIOT UETHBIE XApAK-
TEphI, & OTPULATEIHLHBIM d — HEYETHBIE.

9. Monejgb I'PocCA—HEBE HA TOPE T2

3neck Mbl BeraucanM 3hPEeKTUBHBI moTeHmuaa monean 'pocca—Hese m3iokeHHBIM
BBIIIIE METOIOM Ha IIPOCTpaHCTBE 12 ¢ TPAHMYHEIME yCIOBISIME PA3HBEIX THUIOB U HCCIe-
IIyeM C €ro MOMOIIIBIO CIIOHTAHHOE HapYIIeHHe CUMMETPUH B DTOW MOMEIN. 3aMEeTUM,
uTO B [16] mpennpuHMMAaIac TONBITKA IIPOBENEHNS U3y YEHUs STON MOMIEIN, OMHAKO OHA
CTpamaeT 3HAUMTENbHBIM YMCIIOM HENOCTATKOB. B uacTHOCTH, caMu aBTOpHL [16] Tak u
HEe CyMenu B NaJIbHENIINX UCCIIENOBAHNIX 0O0CHOBATDH MpejaraeMblil B TPUBENEHHON
B pabote dazosoir guarpaMmbl. C TeM 9TOOBI CHATH 3TOT BOIPOC U IPOUJIIIOCTPUPO-
BaTh MPEMJIOXKEHHYIO HAMU MTPOIENYPY, MBI pa3bepeM MaHHYIO MOMETh B OOITEM CiIydae
TPAHUYHBIX yCJaoBuUii. JlarpaHXumaH uMeeT BUII

(48) L = Z [szléwk + O'szwk — NO'2/2f,
k
OnnonersieBoit >(pGHEKTUBHBIN IIOTEHIINA PABEH
(49) V(c.)/N =o2/2f — Q
roe
ab o?
N=—— In{l+ 5+
(50) (27)?2 ; n ( + a2p? + b2q2>

CyMMupoBaHUTe 1Mo ¢ U P 3aBUCAT OT TPAHUYHBLIX ycjaoBuit. [Ipu mepuonuaeckux ycimoBu-
SIX CYMMUPOBAHUE UIIET TI0 MEeJIbIM YUCIIaM, IPU aHTUIEPUOANIECKUX — IO TIOITYIIEITBIM.
Bunwo, uro () cooTBeTCTByeT HAIIUMM MPEKHUM OOO3HAYEHUSM C TOYHOCTBIO [0 3aMe-
HBI M — O, U BBIUYATAHUS 3HAUEHWS moTeHIuasaa npu o, = 0. Mbr u3bexum mpobizem
C HyJIEBOU MOOOW, eciim OyleM paccMaTpUBATH AHTUIIEPUOOUIECKNE YCJIOBUS IO Kpaii-
Hell Mepe o omuoi koopmuHate. Ilorenmman {2 mpemncrapiseTcs B BUOE CYMMBI IBYX
cmaraembrx, 21 u Qo. s 0y dopmyina (3) maer:

o2 12
1 Q=< (1+In~— ).
(51 : 47r( o az)
Bynem mopmuposats 21 yeiaoBuem:
0%,
52 =0
(52) -~

g.=00

(D10 O3HAUAET, YTO MPOM3BOMHAS OT OMHOIETIIEBOro moreHumasia npu a = 0, b = 0
paBHa IPOM3BOMHOI OT ApeBecHOl ero yactu.) Torma

0'2 O'2
0 =< In -2 .
(53) 1 T (3+ na?)
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Ilpyras pacupocTpaHeHHas TapaMeTPU3AIMsi — Yepe3 MOJI0XKEHNe MIUHIMYMa TOTEHIIN-
ana (To ecTb Maccy dhepMUOHA)

1 oV
N Oo, oM

(54) ~0.

[Tapamerpsr 0¢g u M cBs3aner paBerctBoM M = ogexp(l — 7/f). Yacts Qo moresn-
[yajia 3aBHCAT OT IPAHWYHBIX YCIOBHL. MBI coBmpaeMcsi paccCMOTPETh OBa CIIydas:
1) anTunepuomuueckue yciaoBus no koopausare (mod 27/a) u mepuonuIecKue yCaoBus
no koopauaaTe (mod 27 /b), 2) aHTUIEPUOAMYECKIE YCIIOBUS IO OGEUM KOODIUHATAM.
Kak 6b110 mOKa3aHO BBIIIE, HYXKHO CHAYAJA BBIUUCIUTD IMOTEHIUAT C IEPUONAICCKAMI
ycrmoBusaME 1o ob6enM koopamHaTam (cm. dopmyiy (4)):

o2 1

(55) ®(a,b;o,) = 5 ; T(T(v —1)Z(1/a,1/b;v)(x%c2) " dv.

3amernm, uro npoussenenue 1'(v)Z(1/a,1/b;v) nmeer, cormacuo (6), TOIBKO OBa IO-
moca: s =0 u s = 1. [TosToMy monbIHTErpaibHOE BHIPDAKEHNE UMEET IIOJIIOCHI BTOPOTO

nopsimka B Toukax § = 0 m § = 1 u IOIIOCHI IIEPBOrO MOPSOKA B TOUYKax § = —Kk,

k=1,2,...

(56) ®(a,bioy) = -2 |0 41y < +I(b/a)

oy b [mb e i
Y 472 | 3a 4202
o2 ) o?
- < 1-2y— ——In—< —I(b O(o?

T 12— 5 - e 100 + OG0

Hy}KHBIe HaM IMOTeHIUnaJIbl BEIYUACIAIOTCS TEIIEPhb II0 QJOpMYJIaM

(57)  Q9FP(a,b;0.) = 2®(a/2,b;0.) — ®(a, b;0.) — [2®(a/2,b; 0) — ®(a, b; 0)],
(58)  Q(a,b;0.) = 205 (a,b/2;0.) — Q5P (a, b; 0.)

(Mumexcert AP u AA o3nagaroT nepuonuaHocTs (P) u anTunepuonuauocts (A) 1o Ko-
opauHare.) Ml HaXOMUM

(59)
QAP——U—‘? _1—2 T it —2I(2b/a) + 1(b/a)| 4+ O(c?)
P AT ‘ B I
(60)
AA a; | 4o? 4
Q7 == |12y~ In—5" —5I(b/a) + 21(2b/a) + 21(b/2a)| + O(oc)

Nmes siBHOE BBIpaxkeHUe I MMOTEHIINAJIOB, MBI MOXKEM KCCIIEIOBATEH CIIOHTAHHOE Ha-
pyIIeHne CUMMETPHII B MOIENH. BBIIHIIIeM TOTHOCTHIO adhdeKTHBHBI moTennnan VAL

(61) VAT(0c)/N =07 /2f+

oe o 4
+ yp —2 — 27y — ln@ —2I(2b/a) + I(b/a)} + O(oy,)
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Y cnoBus CTalIOHApPHOCTHU T'JIaCAT

1 gvAr
(62) N do. o/ I+
o b O'g 3\ —
+ 5 {_2 — 2y — - ln@ —2I(2b/a) + I(b/a)] +0(0;) =0,

ITo xpaiiueir mepe B mpemesne a — 0, b — 0 Touka 0. = 0 He ABIIETCS MUHIMYMOM
MMOTEHINAJIA, TI09TOMY OyIeM CUUTaTh, UTO U MIPU HEKOTOPBLIX HEHYJIEBBIX @, b 5TO Tak.
Mgbr MOXeM TOrOa COKPATUTH HA 0 B YPABHEHUU:

11 b 2
(63) Fton {—2 — 2y — % —1In ZT% —21(2b/a) + I(b/a)] +0(0?) =0,

[Ipu af = 0 MBI moTy4vaeM ypaBHeHUE (Hha30BOM KPUBOM:

(64) Lo [y oo™ % oransa)+ I(b/a)| = 0
7 on T T e “ Y=

Ero MOXHO yIPOCTUTH, BBels IEPEHOPMUPOBAHHEIE TTapaMeTPhI
2a ~ 2b
(65) dz—exp(z—l—fy), b:—exp(z—l—fy),

Tornoa

=

(66) —2Inb+2I(2b/a) — I(b/a) =0

Beenem mapamverp z = b/a, Torma ypasHeHue (Ga3oBOil KPUBOIl 3alIUCHIBAETCS B Mapa-
METPUYIECKOM BHUIIE:

j=pkl
I
@

Xp (7;—‘” +1(22) — I(2)/2),
Jx.
[Mockombky I(x) mocTaTouHo GBICTPO yOBIBAET MPHU T — 0O, TAKOE MPENCTABJIEHUE XO-

poiio paboTraeT OJisi T B uUHTepBaje, ckaxem, x > 1. Ha umureppame 0 < z < 1
BOCIIOJIB3Y€eMCsl CBOICTBOM cuMmMerpun dyukimu [ (x), Torma

(67)

S

jo )

b=dxexp(I(1/2z) — I(1/z)/2),

(68) y
a=b/x.

KauecTBenuslil Bun (a3oBoil KPUBON mpencTaBileH Ha puc. 1. Bymem cuurars b
0OpaTHOM AJIMHOM IPOCTPAHCTBEHHOIO M3MEPEHIUS, [0 KOTOPOMY HAJIOXKEHBI IePUOLUYIe-
CKUe YCIIOBUS, & @ — TeMIepaTypoll (HamoMHuM, 4To B Mozmesu I'pocca—Hese maryGa-
POBCKOE CyMMEPOBAHWE UNET IO HeIeTHBIM dacToTaM). OCHOBHOII Pe3ysIbTaT COCTOUT
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a a
4 o.=0
4 o.#0
o.# 0
b 4 b
Puc. 1. dazoBas nuarpamma B cityuae Puc. 2. dazoBas nuarpamma B cityuae
aHTUNEPUONUIECKNAX YCIIOBUN IO KOOPOUHATE AHTUIEPUONUIECKUX YCIIOBUI
(mod 27/a) n nepronuueckux ycroBuit o obeuM KOOpOUHATAM

o xoopaunare (mod 27/b)

B TOM, YTO MJIs JTIOOOW IJIMHBI IIPOCTPAHCTBEHHOTO M3MEpPEHUsT mMeeTCs (ha30BBIN Iepe-
xon. Ecmm Temmeparypa Humke TeMmepaTyphl $Ha30BOro mepexomna, To o. # 0, ecim xe
BhIIIIE, TO 0, = (. B mpenene 6eckoneunoro o6vema (Z~) — () uMeeM CBsI3b TEMIIEPATYPHI
(azoBoro nepexona ¢ maccoit depmuona M = wlye™ 7. B oTamdame oT TpeXMEepHOTO CIIy-
Jas KAPTUHA COBEPIIIEHHO HE 3aBUCUAT OT 3HAUEHUS KOHCTAHTHI CBs3u. [Ipu m3ameneHun
KOHCTAHTHI CBSI3U PUC. 1 TOIIBKO MACIITAOUPYETC.

AHAJIOTIYHO PACCMATPUBAETCS CIIYyYall TOTHOCTHIO AHTUMEPUOAUIECKAX TPAHITIHBIX
ycioBuii. Y paBHeHUE (Ha30BON KPUBOW MMEET BUI:

(69) In % 3 1(b/a) + 1(28/a) + 1(5/2d) = 0

B mapamerpuueckoit hopme

ST
I
IS

exp (31(x) — I(2z) — I(z/2)),
/x

B sTom ciiyuae dazoBast KpuBas CHUMMETPUYIHA OTHOCUTEIBHO 3aMeHbI @ Ha b, mosTOMy
MIOCTATOYHO TTOCTPOUTH ee mist x > 1. KauecTBenHass kapTuHa TpeNCTaBIeHa HA pUC. 2.
[IpunepxuBasich MpeKHEN WHTEPIPETAIUA a U b, MBI BUOUM, YTO, B CIIy4Yae aHTUIIE-
PUONMYECKUX YCJOBUAM IO IPOCTPAHCTBEHHOU KOOPOWHATE, CYIIECTBYyeT KpUTHUUECKas
mmuaa L = (n/M)e™7. Ecnun mimHa TPOCTPAHCTBEHHOTO W3MEpEHUs GOJIbIe KPUTH-
JeCcKOW, TO cyuiecTByeT (a3oBbiii mepexon. lIpm TemmepaTrypax HuKe TeMmIepaTypbl
dazoBoro nepexona o. # 0, Boire . = 0. Eciu ke minHa TpocTpaHCTBEHHOTO M3Mepe-
HISI MEHbIIIe KPDUTUUIECKO, To Becerma 0. = 0. B mpenene 6eckoneynoro oobema (ZN) —0)
CBsA3b TeMIIepaTyphl $ha30Boro nepexona ¢ Maccoit pepmuona M = mlye™" Ta xke, 9TO U
B IIPENBIAYIIIEM CIIydae, ITO He YIUBUTEIbHO, MO0 B 3TOM IIpenesie TPAHUIHBIE YCITOBUS
110 IPOCTPAHCTBEHHON KOOPIWHATE HE UTPAIOT POJIN.

(70)

™
I
o
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10. 3AKIIIOYEHUE

B pabore mocTpoeHa perysspHas IpOLenypa ONUCAHUS CBONCTB 3(DPEKTUBHBIX IIO-
TEHIINAJIOB TEOpUil Ha MBYMEPHBIX perneTkax. Crmocob OmmcaHus OCHOBBIBAETCS HA WC-
MTOJIB30BAHUY CBOUCTB m3eTa-GyHKInn PuMmana—ONIITelHA U €€ aHAJIUTUIECKOM ITPO-
IOJIKEHUN, & TaKKe OOOOIIeHIN KaK paHee PACCMOTPEHHBIX pe3yiabTaroB [13,17], Tak u
IIOCTPOEHHBIX HOBBIX TOYHBIX (DYHKIIMOHAIBHBIX COOTHOIIEHUN THUIA MAaeTyHIOBCKUX.
Vcnonb3oBaHne TeOPETUKO-UNUCIIOBBIX CBONCTB I3eTa-QYHKINY MTO3BOJIMIIO €OUHBIM 00-
pPa3oM y4uecTb pas3iudHble TUMNBI TPAHUYHBIX yciaoBuit. CremyeT ykaszaTb, UTO Pa3ind-
Hble TUIBl I'PAHUYHBIX YCJIOBUU MOXKHO IOCTaBUTH B COOTBETCTBUE JIMOO KOHEYHOMY
00BeEMY CHCTEMBI, TNO0 BBENEHNIO TAKOI'0 BaXKHOTO (PU3WIECKOro IapaMeTpa, KaK TeM-
mepaTypa. OTMeTuM Takxke, 9TO B GU3NKE TBEPIOrO TEJa, HAIPUMED, IS SJIEKTPOHA
[IPOBOAMMOCTY B MACHUTHOM IIOJIE UCIIONIB3YeTCs CIEeKTp Buma |14]

(71) e = Aj coskza, + Ascoskyay,

TO €CTh OBOSIKOTIEpHOOWYECKas pelreTka. l'akmm o6pa3oM, pacCMOTPEHUE MBOSKOIEPU-
ONMUYECKOU CTPYKTYPHI, IIPOBENEHHOE B HACTOAIIIEN paboTe, BOZMOXKHO OyImeT mepeHecTn
U Ha Opyrue 3a0adu, KUCIOJb3ys Pa3BUTHIN BBINIE ammapaT. Ha ocHOBe IpemioxKeH-
HOH IPOIEIYPHI TPOBENEHO nccilenoBaHmre Ga3zoBOl cTPYKTypbl Monenn |'pocca—Hese B
nByMepuu Ha Tope. IIpoBemeHHBI aHAIM3 MOMEIN TOKA3BIBAET, UTO B CIydYae HETPHU-
BUAJILHON TOIIOJIOTUU TOPA B OTJINYME OT HETPEPBIBHOTO MMEET MECTO CIOHTAHHOE Ha-
pyIlleHue CUMMeTpUn B cucTeMe. Takxke OTINIUTETHHON YEePTON IBYMEPUS C HETPUBU-
aJIbHOW TOIMOJIOTHEN OT TPEXMepUs COCTOUT B TOM, UTO (da3oBas KapTWHA HE 3aBUCHUT
OT KOHCTAHTHI CBSI3U IIPU CMEITAHHBIX TPDAHUIHBIX YCJIOBUIX.

Takum obpaszom, HaIlle paCCMOTPEHNE TIOKA3LIBAET, YTO HAITMUNE HETPUBUAILHON TO-
TOJIOTUU, KOTOPOE MOXKET OBITH 00YCIIOBIIEHO PA3IUIHON PU3UUIECKON TPUPOION — TEM-
epaTypol, KOHEUYHBIMU Pa3MEPAMU CUCTEMBI, TEPUONIECKON 3aBUCAMOCTBHIO CIIEKTPA
or uMmnynbca [14] u apyrumu sbdexTaMu MOXKET TPUBECTU K M3MEHEHWUIO (U3NIecKn
HaOIIOIaeMbIX — TeHepanuu Macchl B Momenu ['pocca—Hese. Bce 510 ykasbiBaeT Ha
HEOOXOMUMOCTH HEeTAJbHOTO M3YyUeHUs ‘TPOCTHIX  MOAENell Ha KOTOpbIe O0pAIIaioch
BHuUMaHUe B psne pabor [1,5,9,12] u uHTEpec K KOTOPHIM HE UCCIK U B HACTOSIIIEE Bpe-
M.
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